In this paper, we consider the numerical solution of scattering problems with multi-periodic layers with different periodicities. The main tool applied in this paper is the Bloch transform. By introducing a convolution operator between two Bloch transformed fields, the problem is written into an equivalent coupled family of quasiperiodic scattering problems with inhomogeneous medium. The most difficult part in the numerical scheme is the convolution with a non-regular function. Luckily, it is proved that if the Bloch transformed total field is approximated by the truncated Fourier series, the non-regular function could be replaced by its truncated Fourier series naturally, and the truncated one is a regular function as well. A convergent finite element method is proposed for the numerical solution, and the numerical method has been applied to several numerical experiments. At the end of this paper, relative errors of the numerical solutions will be listed to illustrate the convergence of the numerical algorithm.
Introduction
In this paper, we will develop a numerical method to solve acoustic scattering problems with a two-layer structure in 2D spaces, where each layer is periodic with different periodicities. This is a simplified modal of the design of microstrip array antennas in 3D ( see [Bha00] ). The easier case, for example, when either the periodicities are the same, or the quotient of the periodicities is rational, the problem is naturally reduced into one periodic cell, which is easily treated in the classical frame work for quasi-periodic scattering problems (see [Str98] ). However, if the quotient of the periodicities is either irrational or extremely large/small, the problem becomes much more complicated. For the first case, it is impossible to be reduced into any bounded domain naturally, thus it is a scattering problem with unbounded inhomogeneous medium; while for the second case, although the problem could be reduced into one periodic cell, the cell will be very large. For both situations, the numerical solutions of these problems are very challenging.
The scattering problems from unbounded structures has been investigated by many mathematicians in decades. Based on the integral equation method, the well-posedness of the scattering problems has been established (see [CWR96, CWRZ99, CWZ98b, ZCW03] ), and numerical methods have been proposed for rough surface scattering problems (see [MACK00, CWRR02, ACWD06] ). The variational method, on the other hand, has also been applied to the theoretical analysis of scattering from unbounded obstacles (see [CM05, CWMT07, LR10, Li12] ). An important extension of the variational method is to consider the well-posedness in weighted Sobolev spaces (see [CE10] ), and more generalized cases (e.g. incident plane waves) are included. Similar results in weighted Sobolev spaces has been shown for more generalized boundary conditions in [HLQZ15] .
Recently, a Floquet-Bloch transform based method has been proposed for the study of scattering problems with unbounded structures, especially for structures that are either periodic or slightly different from periodic ones. As far as the author knows, the first paper that adopted this method is [Coa12] for scattering problems from locally perturbed periodic mediums. Inspired by this paper, the method has been extend to scattering problems with non-periodic incident fields with (locally perturbed) periodic surfaces (see [LN15, LZ17b, HN15] ). Based on the theoretical results, Bloch-transform based numerical methods have been proposed (see [LZ17a, LZ17c, LZ17b] . The Bloch transform was also applied for other cases, i.e., scattering problems in locally perturbed periodic waveguides, see [FJ15] . For all these works listed above, the perturbations of periodic surfaces or inhomogeneous mediums are assumed to be compactly supported. In this case, the Bloch transformed problem has a simplified variational form. However, for more general cases, i.e., when the perturbations are non-compactly supported, the problems become much more complicated and difficult to deal with. Further study on the Bloch transform is then required for the globally perturbed problems.
In this paper, the Bloch transformed scattering problems from different periodic layers in R 2 will be investigated. A convolution operator is introduced for partial variables, and the properties of the convolution between two Bloch transformed functions are studied. With these results, weak formulation for the Bloch transformed scattering problems is established, and the equivalence, well-posedness and regularity results are proved following [Lec17] . Based on the weak formulation, the numerical method will be introduced. The key point is the discretization with respect to the quasi-periodicity parameter. The approximation is carried out by truncating the infinite Fourier series, and convergence has been proved for the proposed numerical method.
The rest of the paper is organized as follows. In Section 2, the property of the convolution of Bloch transformed functions will be studied. In Section 3, we will describe the mathematical model of the scattering problems and show the well-posedness of the problem. In Section 4, we will study the Bloch transformed scattering problems. In Section 5, the discretization with respected to the quasi-periodicity parameter will be developed. In Section 6, a finite element method will be proposed. In Section 7, several numerical examples will be shown to illustrate the convergence of the numerical method.
Convolution and the Bloch transform
In this section, we will introduce and discuss a convolution operator defined between two Bloch transformed fields. The periodic cell for x 1 , also called the Wigner-Seitz-cell, is defined by
Let Λ * := 2π/Λ, then the dual cell of W Λ , i.e., the so called Brillouin zone, is defined by
Let Ω be a unbounded domain that is Λ-periodic in x 1 -direction, then the Bloch transform, denoted by J Ω , is an isomorphism between H s r (Ω) and
As the Bloch transform has a definition that is similar to the Fourier transform, it is possible that the convolution theorem also holds for Bloch transformed fields. Recall the convolution theorem, i.e., for two functions f, g ∈ C ∞ 0 (R),
where F is the one-dimensional Fourier transform, and * is the convolution between two functions in one-dimensional space.
In this paper, we also denote the convolution between two functions defined in W Λ * ×Ω Λ by * . Suppose ϕ(α, x), ψ(α, x) both belong to the space C ∞ (W Λ * × Ω Λ ), and also Λ * -periodic with respect to α ∈ W Λ * , then the convolution between the two functions is defined by
The definition could be extended to the case that this integral is well-defined. First, let's consider the case that ϕ, ψ ∈ C ∞ 0 (Ω), then the Bloch transform of the production of the two functions has the following representation
where
. Recall that the Bloch transform of ϕ and ψ have the following representations,
As both of the functions are compactly supported, their Bloch transforms are indeed finite series. The convolution of the two Bloch transformed functions, J Ω ϕ and J Ω ψ satisfies
.
From the property that
the convolution satisfies
The relationship (1) has been proved for two compactly supported smooth functions. But for scattering problems in this paper, the functions always belong to more generalized function spaces. In the following, we will extend this result to some weighted Sobolev spaces.
Assume that Ω is bounded in x 2 -direction, then Ω Λ ⊂ R 2 is a bounded domain. Let ϕ ∈ W n,∞ (Ω) and ψ ∈ H n r (Ω) for some n ∈ N and r ∈ R, let's consider the convolution between the Bloch transform of the two functions. Firstly, as W n,∞ (Ω) ⊂ H n s (Ω) for any s < −1/2, the Bloch transform of ϕ, i.e.,
. Then the convolution between J Ω ϕ and J Ω ψ could be treated as the convolution between two distributions.
Proof. First consider the case when n = 0. First let ψ ∈ C ∞ 0 (Ω), then ψ ∈ H 0 r (Ω) and the norms of ϕ and ψ are both bounded:
The product of ϕ and ψ is compactly supported and essentially bounded, thus it belongs to H 0 r (Ω). Moreover,
. The result could be obtained for
The cases that n ≥ 1 could be studied similarly, thus the proof is omitted here. The proof is finished.
with the norm (Remark 22)
In the next theorem, the relationship (1) is extended to weighted Sobolev spaces.
. Moreover, there is a positive constant C that depends on Λ and r such that
is has only finite non-zero terms. Thus the convolution
The function belongs to the space
. Thus the equation (1) holds for any ψ ∈ C ∞ 0 (Ω). The proof for n ≥ 1 is similar thus is omitted. By the density of C ∞ 0 (Ω) in H n r (Ω), the result could be extended to any ψ ∈ H n r (Ω). The proof is finished. For the convenience of the rest of this paper, we will introduce the following operator.
From Theorem 2, the operator satisfies the following property.
Moreover, the norm of C ϕ is bounded by
3 Scattering problems: mathematical model
In this section, we describe the mathematical modal for the scattering problems from periodic layers with different periodicities in two dimensional spaces (see Figure 1 ). Let the straight line Γ h := R × {h} for any h ∈ R, and assume that Γ h 0 where h 0 > 0 is a sound-soft surface. Define the domains by
where H > h 0 . Assume that the infinite layer is embedded in D H for some fixed H, and it is divided into two layers by a straight line Γ H 1 , for some
where n 1 and n 2 is are periodic functions in x 1 -direction. The period of n 1 is Λ 1 > 0 and that of n 2 is Λ > 0. There is no requirements for the relationship between the positive numbers Λ and Λ 1 .
Figure 1: Inhomogeneous layers with different periodicities.
Consider a scattering problem with an inhomogeneous medium, which is modelled by the Helmholtz equation with a homogeneous Dirichlet boundary value on Γ
where g is the source term supported in D H . To guarantee the well-posedness of the scattering problem, it is required that u satisfies the following boundary condition on Γ H
where T + is the Dirichlet-to-Neumann map (see [CM05] ) defined by
and it is a bounded linear operator from H 1/2
(Γ H ) for any |r| < 1, see [CE10] . The scattering problem is now written into the one that defined ion the domain Ω H with finite height. The weak formulation for the scattering problem is, given any
for all v ∈ H 1 (D H ) with compact support in D H . The variational problem could also be analysed in the weighted Sobolev space H From [CE10] , the left-hand-side of the variational form (9) is a bounded sesquilinear form defined in
There is a bounded linear operator depending on n, i.e., B r (n) :
Especially, when n = 0 in D, the problem is reduced into the scattering problem from the sound soft surface Γ h 0 , which was proved to be well-posed in weighted Sobolev spaces, thus B r (0) is invertible (see [CE10] ). Thus the operator
is a perturbation of the isomorphism B r (0). The perturbation B r (n) − B r (0) satisfies
thus it is a compact operator. So B r (n) is a Fredholm operator. Thus to prove the invertibility of B r (n), it is sufficient to prove that it is an injection. From the Fredholm alternative, there is a discrete set C ⊂ R + (:= (0, ∞)) such that when k ∈ C such that the problem is not well-posed. To guarantee the well-posedness of the problem (9), we assume that the following assumption holds.
Assumption 6. One of the following conditions is satisfied:
1. k belongs to R + except for the discrete subset C.
There is a non-empty open subdomain
Theorem 7. When Assumption 6 is satisfied, given the functions g ∈ H −1 r (D H ) and f ∈ H −1/2 r (Γ H ) for any |r| < 1, the variational problem (9) is uniquely solvable in the space H 1 r (D H ). Remark 8. The conditions in Assumption 6 are not optimal. In fact, a number of research papers are devoted to the well-posedness of the scattering problems from rough layers, for details we refer to [ZCW98, CWMT07, LR10] for Helmholtz equations and [CWZ98a, CWZ99, HL11] for Maxwell's equations. However, in this paper, as we are only interested in the numerical solutions for this kind of problems, no more details for the well-posedness will be explained.
The Bloch transform of the scattering problems
In this section, we will apply the Bloch transform (see Appendix) to analyse the scattering problems. Let Γ Λ H and D Λ H be Γ H and D H restricted in one periodic cell W Λ × R, i.e.,
The definitions are similar for other domains restricted in one periodic cell W Λ × R.
Let n be the Λ-periodic function defined by n = n 2 , x ∈ D 2 ; 1, otherwise.
Then n 1 = n − n + 1 in D 1 . Extend n 1 by 0 to the half space D, it is Λ 1 -periodic in D. Use the property of the Bloch transform, let
, the variational form is equivalent to
) with compact support, where a α (·, ·) is a sesquilinear form and F α (·) is a conjugate linear functional defined by
and T + α is the α-quasi-periodic Dirichlet-to-Neumann operator defined by T
, the integral D 1 n 1 uv dx is well defined, and
With the definition of the operator C ϕ in (3),
Finally we arrive at the variational formulation, i.e., for any
where a α (·, ·) and F α (·) are defined by (10)-(11). From the arguments above, we can obtain the equivalence of the weak formulation (9) of the scattering problem and the variational problem (12).
With the equivalence between (9) and (12) in Lemma 9, we will show the unique solubility of the variational problem (12).
Theorem 10. Suppose k and n satisfies Assumption 6. Given any
Proof. The first step is to prove the existence of the solution of (12). Given w is a solution to the problem (9) with f = 0 and g = 0.
From the unique solvability of (9), u = 0, thus w = 0. The proof is finished.
When f and g have higher regularities, the Bloch transformed field w will be smoother with respect to α (see [LZ17c] )
When f and g decays faster at the infinity, the Bloch transformed field w depends continuously on the quasi-periodicity parameter α.
Remark 13. In this paper, the choice of the parameter Λ in the Floquet-Bloch transform is chosen as the period of n 2 . In fact, it is OK to choose the period of n 1 and all of the arguments are similar. However, the choice of the parameter is kind of arbitrary -we can even choose the parameter which is neither the period of n 1 nor that of n 2 , then the problem is treated as the scattering problem with a rough layer. In this case, the computational complexity is possible to be increased in numerical implementation.
Discretization with respect to the quasi-periodic parameter
When the perturbation is local, the term b(w, ϕ) has a simplified representation, thus the problem is easily to be dealt with (see [Lec17, HN15] ). However, when the perturbation does not have a compact support, the problem becomes much more complicated. From the definition of b(w, ϕ), it involves the convolution between the Bloch transform of n 1 and the function w, where J D H n 1 may not be a regular function. Especially, as n 1 is a periodic function, the Bloch transform may be the Dirac Delta function. In this section, we consider the suitable approximation of the globally perturbed problem, and introduce a discretization of the problem with respect to the variable α. Let the uniformly distributed grid points
and the basic functions ψ
are defined by 
Approximated by truncated Fourier series
As w B has the Fourier series expansion (see Remark 22)
Thus the truncated Fourier series is defined by
The next theorem shows that the finite series w N is a reasonable approximation of w N in the space H
, where r ′ is any real number that is not larger than r.
, then the finite Fourier series w N converges to w B as N tends to infinity
For any r ′ < r, w N converges to w B with the error bounded by
Proof. From the assumption that
The proof is finished.
From this result, w N is a reasonable choice of approximation of w B . Moreover, w N (α, x) has the alternative representation
Next is to consider the weak formulation of w N and the well-posedness of the new variational problem. Define the compactly supported function n
From the definition of operator C n 1 , with the orthogonality of exponential functions,
From the definition of the basis function ψ (ℓ) N , the integral
thus the integral equals to 0 when j / ∈ Z N and equals to
From similar argument, we can prove that
Define b N by replacing n 1 with n N 1 , it is also easy to obtain
Define the finite Fourier series of ϕ by ϕ N similar to w N , then (ϕ
We can define the truncated conjugate linear functional F N α by replacing f and g in (11) by
From similar arguments, the following properties hold
Replace ϕ by ϕ N in 12, from the orthogonality of exponential functions,
Replace ϕ by ϕ − ϕ N and use the orthogonality again,
Thus w N satisfies the following weak formulation
which is the variational form of the scattering problem with respected to the truncated refractive index n N 1 , the truncated boundary value f N and the truncated source g N . Moreover, when N is large enough, the sesquilinear form 
Discretization with respect to α
In this section, the discretization is presented in the interval W Λ * . First define the finite dimensional subspace with respect to the variable α by
. Then we will seek for a solution w N ∈ Y N to the finite dimensional problem
The first term and the right hand side is easier to dealt with, i.e.,
and
The more complicated term is b(w N , ϕ N ). Recall the form of the convolution operator
then the sesquilinar form has the representation
(24) Use the property (17) again, b(w N , ϕ N ) has the following representation
(25) Thus all the terms in (20) has been written as finite sums, it is possible to introduce a finite element for the numerical solution.
The finite element method
In this section, we discuss a Garlekin discretization of the variational formulation (12) and the finite element method is applied to the numerical solutions. As was shown in the last section, the field w B (α, ·) has been approximated by finite Fourier series, and the discretization with respect to α has been established. Thus we only need to continue with the discretization with respect to x.
Assume that M h is a family of regular and quasi-uniform meshes (see [BS94] ) for the periodic cell D Λ H , where 0 < h ≤ h 0 and h 0 is a small enough positive number. To obtain the periodic basic functions, it is required that the nodal points on the left and right boundaries have the same heights. By omitting the nodal points on the left boundary,
be the piecewise linear and globally continuous nodal functions equal to one at one point except for the lower boundary and zero at other nodal points, then
Then we can define the finite element space X N,h by [LZ17b] . Moreover, from the definition of the basic functions,
It is easy to check that
We will seek for a finite element solution w N,h ∈ X N,h to the finite-dimensional problem
for any v N,h ∈ X N,h . It is easy to write out the discrete form of the finite dimensional problem with the help of (22)-(24). For any
The first term
The second term
The right hand side
Thus the discretization equation has the formulation of
Remark 17. There is a little difference between the numerical scheme discussed in this section and that used for numerical experiments in the next section. In fact, for numerical experiments, the scattered field u s := u − u i is investigated instead of the total field u, thus the problem becomes one with non-vanishing Dirichlet boundary condition and f = 0 on Γ H . The Bloch transformed field, w s (α, ·) := J D H u s , is periodized by letting v s (α, ·) := e iαx 1 w s (α, ·). The weak formulation of v s (α, ·) comes from the variational problem (12), and is equivalent to (12). The discretization scheme is only slightly different from the one described in this section, thus it is omitted here. For the details of the numerical implementation we refer to Section 6 in [LZ17b] .
Following the proof of Theorem 9 in [LZ17b] , together with the error estimation of the truncated Fourier series in Theorem 15, the unique solvability of the finite dimensional linear system (27) and the convergence of the finite element method will be concluded in the following theorem.
Theorem 18. Assume that k and n satisfy Assumption 6, f ∈ H 1/2 r (Γ H ) and g ∈ H −1 r (D H ) for some r ≥ 1/2. The linear system (26) is uniquely solvable in X N,h for any
, C when N ≥ N 0 is large enough and 0 < h < h 0 is small enough. The solution w N,h ∈ X N,h satisfies the error estimate
Numerical examples
In this section, four examples are presented and the relative errors of the numerical algorithm are listed to illustrate the convergence result. We choose two different groups of different periodic refractive indexes (n 1 , n 2 ), both of which are embedded in the half domain above the line R × {1}. The first group of functions is defined as follows.
where X [a,b] is a cut off function that equals to 1 in the interval [a, b] and equals to 0 otherwise. In the second group, n 12 is assumed to be 0.25 in circles with center at (2πn, 2.5) (n ∈ Z) with radius 0.3 and equals to 0 otherwise; n 22 is assumed to be −0.25 in squares with center (2n, 1.5) (n ∈ Z) with length 0.6. Both n 11 and n 12 are 2π-periodic functions in x 1 -direction supported in the strip R × (2, 3) and belong to L 2 loc (R × (2, 3)); while both the function n 21 and n 22 are supported in R×(1, 2) and belong to L 2 loc (R× (1, 2) ). Moreover, n 21 is 5π/6-periodic while n 22 is 2-periodic.
Recall the half space Green's function
where y = (y 1 , y 2 ) ⊤ and y ′ = (y 1 , −y 2 ) ⊤ . By enlarging the value of h 0 , it is required that y 2 < h 0 . Thus the point source is located in the upper half space below Γ h 0 (see Figure 2 ). Define the functions as
The Green's functions in this section are located at the points
It is clearly that G(·, y) is the solution of (6)-(8). When Assumption 6 holds, it is also the unique solution of (9). In the numerical examples, the following parameters are chosen:
The numerical scheme is carried out for the mesh size h is chosen as 0.16, 0.08, 0.04, 0.02 and the parameter N is taken as 10, 20, 40, 80. Then the following four examples are considered for different h and N, and the relative L 2 -errors on Γ H , defined by
are listed in Table 1 -4.
Example 1. The wave number k = 1, the point source is located at P 1 , the refractive indexes are defined by n 11 and n 21 , the relative errors are listed in Table 1 .
Example 2. the wave number k = 6, the point source is located at P 1 , the refractive indexes are defined by n 11 and n 21 , the relative errors are listed in Table 2 .
Example 3. The wave number k = 1, the point source is located at P 2 , the refractive indexes are defined by n 12 and n 22 , the relative errors are listed in Table 3 .
Example 4. the wave number k = 6, the point source is located at P 2 , the refractive indexes are defined by n 12 and n 22 , the relative errors are listed in Table 4 . From errors listed in Table 1 -4, the relative error decreases when N gets larger and h gets smaller, thus it is shown that the numerical method converges as N → ∞ and h → 0 + . When the wave number is relatively small, i.e., k = 1, the error brought by N is dominant, thus the error brought by h could be ignored for small enough h, e.g., h = 0.02, 0.04 in Example 1 and 3. We can see that from the last columns in Table 1 and 3, the convergence rate with respect to N is about O(N −1.5 ), which is even better than expected (see Figure  3) . On the other hand, when the wave number is large, i.e., k = 6, the dominant error is brought by h, the error brought by N could ignored when N is large enough, e.g., N = 80 in Example 2 and 4. From the last lines in Table 2 and 4, the convergence rate with respect to h could reach O(h 1.93 ), which is almost as high as expected (see Figure 4) . Thus the convergence result proved in Theorem 18 is illustrated. Moreover, as the convergence rate with respect to N is higher than expected, it is hopefully that the numerical algorithm may be improved with similar technique introduced in [Zha18] . 
